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Abstract
It was conjectured that for every integer m 3 the unique equilibrium c = 1 of the generalized Putnam
equation
xn+1 =
∑m−2
i=0 xn−i + xn−m+1xn−m
xnxn−1 +
∑m
i=2 xn−i
, n = 0,1,2, . . . ,
with positive initial conditions is globally asymptotically stable. In this paper, we prove this conjecture.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
Ladas [4] proposed to give an analytical proof for the global asymptotic stability of the unique
equilibrium c = 1 of the Putnam equation
xn+1 = xn + xn−1 + xn−2xn−3
xnxn−1 + xn−2 + xn−3 , n = 0,1, . . . , (1.1)
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conjectured that for every integer m 3 the unique equilibrium c = 1 of the generalized Putnam
equation
xn+1 =
∑m−2
i=0 xn−i + xn−m+1xn−m
xnxn−1 +∑mi=2 xn−i , n = 0,1, . . . , (1.2)
is also globally asymptotically stable. For other related work, the reader is referred to [1,5–8].
In this paper, we prove the above mentioned conjecture.
2. Notations and terminology
For fundamental knowledge about the stability of difference equations, the reader is referred
to [2]. Let R+ be the whole set of positive numbers. The part-metric or Thompson’s metric
is a metric on (R+)r which is defined as follows: for any X = (x1, x2, . . . , xr ) ∈ (R+)r and
Y = (y1, y2, . . . , yr ) ∈ (R+)r ,
p(X,Y ) = − log2 min
{
xi
yi
,
yi
xi
: 1 i  r
}
.
Theorem 2.1. [3, Corollary 2] Let T : (R+)r → (R+)r be a continuous mapping with the unique
equilibrium C ∈ (R+)r . Suppose that for the system of first-order difference equations
Xn+1 = T (Xn), n = 0,1,2, . . . ,
there exists some integer k  1 such that for the part-metric p,p(T kX,C) < p(X,C) holds for
each X = C. Then C is globally asymptotically stable.
3. Main result
The main result in this paper is
Theorem 3.1. For every integer m 3, the equilibrium c = 1 of (1.2) is globally asymptotically
stable.
In order to establish this theorem, we need some lemmas.
Lemma 3.2. For every integer m  3, the equilibrium c = 1 of (1.2) is locally asymptotically
stable.
Proof. The linearized equation of (1.2) with respect to c = 1 is
yn+1 − 0 × yn − 0 × yn−1 − · · · − 0 × yn−m = 0.
This implies the desirable result. 
Lemma 3.3. [3, proof of Lemma 4] Let a1, a2, a3, a4 be positive numbers with (a1, a2, a3, a4) =
(1,1,1,1). Then
min
{
ai,
1
ai
: 1 i  4
}
<
a1 + a2 + a3a4
a1a2 + a3 + a4 < max
{
ai,
1
ai
: 1 i  4
}
.
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. . . , ar ) = (1,1, . . . ,1). Then∑r−2
i=1 ai + ar−1ar
a1a2 +∑ri=3 ai < max
{
ai,
1
ai
: 1 i  r
}
.
Proof. We argue by induction on r . In the case r = 4, the assertion follows from Lemma 3.3.
Suppose the assertion is true for r = k( 4). Now let a1, a2, . . . , ak+1 be positive numbers with
(a1, a2, . . . , ak+1) = (1,1, . . . ,1). Consider the function in x
f (x;a1, a2, a4, . . . , ak+1) =
x + (∑k−1i=1, i =3 ai + akak+1)
x + (a1a2 +∑k+1i=4 ai) ,
where a1, a2, a4, . . . , ak+1 are arbitrary but fixed positive numbers. Clearly,
f (a3;a1, a2, a4, . . . , ak+1) =
∑k−1
i=1 ai + akak+1
a1a2 +∑k+1i=3 ai .
The derivative of f with respect to x is
df (x;a1, a2, a4, . . . , ak+1)
dx
= (a1a2 − a1 − a2) − (akak+1 − ak − ak+1)[
x + (a1a2 +∑k+1i=4 ai)]2
.
Next, we distinguish among three possibilities.
Case 1. a1a2 −a1 −a2 > akak+1 −ak −ak+1. Then df (x;a1,a2,a4,...,ak+1)dx > 0 holds for all x > 0,
implying that f (x;a1, a2, a4, . . . , ak+1) is strictly monotonically increasing in x. From this, we
derive
f (a3;a1, a2, a4, . . . , ak+1) < lim
x→∞f (x;a1, a2, a4, . . . , ak+1)
= lim
x→∞
x + (∑k−1i=1, i =3 ai + akak+1)
x + (a1a2 +∑k+1i=4 ai) = 1.
From this relation and the observation that max{ai,1/ai : 1 i  k + 1} 1, we conclude
f (a3;a1, a2, a4, . . . , ak+1) < max
{
ai,
1
ai
: 1 i  k + 1
}
.
Case 2. a1a2 − a1 − a2 < akak+1 − ak − ak+1. Then
df (x;a1, a2, a4, . . . , ak+1)
dx
< 0
holds for all x  0, implying that f (x;a1, a2, a4, . . . , ak+1) is strictly monotonically decreasing
in x. From this, we derive
f (a3;a1, a2, a4, . . . , ak+1) < f (0;a1, a2, a4, . . . , ak+1) =
∑k−1
i=1, i =3 ai + akak+1
a1a2 +∑k+1i=4 ai .
From this relation and the induction hypothesis, we derive
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{
ai,
1
ai
: 1 i  k + 1, i = 3
}
max
{
ai,
1
ai
: 1 i  k + 1
}
.
Case 3. a1a2 −a1 −a2 = akak+1 −ak −ak+1. Then df (x;a1,a2,a4,...,ak+1)dx = 0 holds for all x > 0,
implying that f (x;a1, a2, a4, . . . , ak+1) does not vary as a3. From this, we derive
f (a3;a1, a2, a4, . . . , ak+1) = lim
x→∞f (x;a1, a2, a4, . . . , ak+1)
= lim
x→∞
x + (∑k−1i=1, i =3 ai + akak+1)
x + (a1a2 +∑k+1i=4 ai) = 1.
From this relation and the inspection that the condition (a1, a2, . . . , ak+1) = (1,1, . . . ,1) implies
max{ai,1/ai : 1 i  k + 1} > 1, we derive
f (a3;a1, a2, a4, . . . , ak+1) < max
{
ai,
1
ai
: 1 i  k + 1
}
.
The induction proof of the lemma is complete. 
Lemma 3.5. Let r be an integer with r  4. Let a1, a2, . . . , ar be positive numbers with
(a1, a2, . . . , ar ) = (1,1, . . . ,1). Then∑r−2
i=1 ai + ar−1ar
a1a2 +∑ri=3 ai > min
{
ai,
1
ai
: 1 i  r
}
.
Proof. For every integer i with 1  i  r , let bi = ar−i+1. Then (b1, b2, . . . , br ) = (1,1, . . . ,1).
So Lemma 3.4 gives∑r−2
i=1 bi + br−1br
b1b2 +∑ri=3 bi < max
{
bi,
1
bi
: 1 i  r
}
,
which is equivalent to
a1a2 +∑ri=3 ai∑r−2
i=1 ai + ar−1ar
< max
{
ai,
1
ai
: 1 i  r
}
,
which is equivalent to∑r−2
i=1 ai + ar−1ar
a1a2 +∑ri=3 ai >
1
max{ai,1/ai : 1 i  r} = min
{
ai,
1
ai
: 1 i  r
}
. 
We are now in a position to accomplish the proof of Theorem 3.1.
Proof of Theorem 3.1. Let {un}∞n=−m be an arbitrary positive solution of (1.2). When there is a
nonnegative integer N such that (uN−m,uN−m+1, . . . , uN) = (1,1, . . . ,1) it is clear that un = 1
holds for every integer n N − m. Hence, c = 1 is a global attractor. The desirable result then
follows from this and Lemma 3.2. We now assume (un−m,un−m+1, . . . , un) = (1,1, . . . ,1) for
all nonnegative integer n. The system of first-order difference equations associated with (1.2) is
Yn+1 = T (Yn), n = 0,1,2, . . . , (3.1)
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T
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
y
(1)
n
y
(2)
n
...
y
(m−1)
n
y
(m)
n
xn
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
y
(1)
n+1
y
(2)
n+1
...
y
(m−1)
n+1
y
(m)
n+1
xn+1
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝
y
(2)
n
y
(3)
n
...
y
(m)
n
xn
xn+∑m−3i=0 y(m−i)n +y(2)n y(1)n
xny
(m)
n +∑m−1i=1 y(m−i)n
⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
.
Clearly, (3.1) has the unique equilibrium C = (1,1, . . . ,1)T . Let Un = (un−m,un−m+1, . . . , un)T .
Then {Un}∞n=0 is a positive solution of (3.1). From the definition of the part-metric, we have
p(Un,C) = − log2 min
{
un−m+i ,
1
un−m+i
: 0 i m
}
and
p(Un+m+1,C) = − log2 min
{
un−m+i ,
1
un−m+i
: m + 1 i  2m + 1
}
.
Lemma 3.5 and (un−m,un−m+1, . . . , un) = (1,1, . . . ,1) give
un+1 =
∑m−2
i=0 un−i + un−m+1un−m
unun−1 +∑mi=2 un−i > min
{
un−m+i ,
1
un−m+i
: 0 i m
}
.
Lemma 3.4 and (un−m,un−m+1, . . . , un) = (1,1, . . . ,1) give
1
un+1
>
1
max{un−m+i ,1/un−m+i : 0 i m} = min
{
un−m+i ,
1
un−m+i
: 0 i m
}
.
Inductively, we have
un+2 > min
{
un−m+i ,
1
un−m+i
: 1 i m + 1
}
= min
{
min
{
un−m+i ,
1
un−m+i
: 1 i m
}
, un+1,
1
un+1
}
min
{
un−m+i ,
1
un−m+i
: 0 i m
}
,
1
un+2
> min
{
un−m+i ,
1
un−m+i
: 1 i m + 1
}
= min
{
min
{
un−m+i ,
1
un−m+i
: 1 i m
}
, un+1,
1
un+1
}
min
{
un−m+i ,
1
un−m+i
: 0 i m
}
,
. . .
un+m+1 > min
{
un−m+i ,
1
un−m+i
: 0 i m
}
,
1
> min
{
un−m+i ,
1
: 0 i m
}
.un+m+1 un−m+i
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min
{
un−m+i ,
1
un−m+i
: m + 1 i  2m + 1
}
> min
{
un−m+i ,
1
un−m+i
: 0 i m
}
,
which is equivalent to p(Un+m+1,C) < p(Un,C). From this and Theorem 2.1, we obtain that
the equilibrium C of (3.1) is globally asymptotically stable, which implies that the equilibrium
c = 1 of (1.2) is globally asymptotically stable. 
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